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Abstract 

Invariance of the AdS± x CP 3 superstring under D = 3 N = 6 superconformal sym- 
metry is discussed in the sector described by the OSp(A\6) / (SO(l, 3)xU (3)) supercoset 
sigma-model action presented in the conformal basis for the osp(4|6)/(so(l,3) x u(3)) 
Cartan forms. Transformation rules under D = 3 N = 6 superconformal symmetry for 
the (10| 24)— dimensional 'reduced' AdS^ x CP 3 superspace coordinates are obtained 
CD . and used to derive corresponding world-sheet currents. 

! 1 Introduction 

The first explicit example of the gauge/string duality p], [2], [3] allowed to probe analytically 
previously unaccessible nonperturbative regime of M = 4 super- Yang-Mills theory via the 
IIB superstring on AdS& x S 5 background. It is in a sense the simplest instance of the 
AdS/CFT correspondence due to the maximal supersymmetry described by PSU(2, 2|4) 
supergroup both of the AdS 5 x S 5 superbackground and D = 4 supersymmetric conformal 
field theory (SCFT) on the boundary of AdS 5 space. 

Another highly supersymmetric explicit example of the AdS/CFT correspondence that 
was put forward not long ago by Aharony, Bergman, Jafferis and Maldacena (ABJM) [I] 
provides dual description of the SCFT in the space-time of one lower dimension in terms 
of M— theory on AdS^ x (S 7 /Z^) background. In spite of the fact that lower dimensional 
theories basically have simpler dynamics compared to Ad ones the ABJM correspondence 
appears to be harder to verify since on both sides of the duality the isometry supergroup 
OSp(4\6) isomorphic to D = 3 M = 6 superconformal symmetry is lower than the maximally 
allowed one. 

Difficulties manifest itself already at the level of constructing the classical action for 
the II A superstring on AdS 4 x CP 3 superbackground that provides dual description of 
the 't Hooft limit of D = 3 SCFT proposed by ABJM [1]. Group-theoretic supercoset 
approach [5] , [6] , [7] , [8] originally elaborated to describe the IIB superstring on AdS$ x S 5 
background when applied to the AdS^ x CP 3 superstring gives the partial answer [9], [lojfl 
because only the subspace of AdS^ x CP 3 superspace can be realized as the supercoset 
manifold OSp(4\6)/(SO(l,3) x U{3)). The OSp(A\6)/(SO(l, 3) x £7(3)) sigma-model action 
[9], [ID] corresponds to fixing half of the gauge freedom related to k— symmetry of the 
complete action [12] that can be obtained via the double dimensional reduction [T3] of the 
D = 11 supermembrane action on the maximally supersymmetric AdS^ x S 7 background 
[H] due to the Hopf fibration realization of the 7-sphere S 7 = CP 3 x S 1 [13] ; [IB] . Although 
OSp(A\Q) I (SO(l, 3) x £7 (3)) supercoset sigma-model fails to describe all possible AdS^ x CP 3 
superstring configurations [PJ, [12] it has clear group-theoretical structure and is classically 
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integrable allowing one to utilize for its investigation many of the results obtained for the 
"elder brother" example of AdS^/CFT^ correspondence relying on the intregrable structures^] 
exhibited there [18], [19] (for the collection of recent reviews see, e.g., [20]). 

In Ref. [21] we have found explicit form of the OSp(4\6)/(SO(l, 3) x £7(3)) supercoset 
sigma-model action in the conformal basis for osp(4\6) Cartan forms considering the su- 
percoset representative parametrized by Poincare coordinates for the AdS± space with 24 
fermionic coordinates split into two sets of 12 related to Poincare and conformal supersym- 
metries from the AdS boundary superspace perspective^. Such a choice of the supercoset 
representative allows to formulate the stringy side of the duality in terms of the variables 
that contain those parametrizing D = 3 M = 6 boundary superspace, where the ABJM 
theory could be formulated off-shell [20], [27], [2S] aiming at getting new insights into the 
relation between both theories. 

The goal of this paper is to establish transformation properties under D = 3 M = 6 
super conformal symmetry of the OSp(4\6)/(SO(l, 3) x £7(3)) supercoset coordinates intro- 
duced in Ref. [21], as well as to find Noether currents associated with the D = 3 M = 6 
super conformal invariance of the OSp(4\6)/ (SO (1,3) x £7(3)) superstring action. Similar 
problem of deriving D = 4 M = 4 superconformal transformations for the AdS^ x S 5 su- 
perspace coordinates relevant to the AdS^/CFT^ correspondence was addressed in [29], [30] . 
We start with reviewing the OSp(4\6)/(SO(l, 3) x £7(3)) sigma-model in the conformal basis 
for Cartan forms, then examine the action of left D — 3 J\f — 6 superconformal transfor- 
mations on the OSp(A\6) / (SO(l, 3) x £7(3)) supercoset element and proceed to derivation 
of the osp(A\6) Cartan forms transformation rules and Noether current densities for each of 
the individual transformations from D = 3 M = 6 superconformal symmetry. 



2 OSp(4:\6) I (50(1, 3) x U (3)) superstring in conformal ba- 
sis 

The sigma-model action on the ( 10 1 24)— dimensional OSp(4\6) / (SO(l, 3) x £7(3)) superspace 
was found in [9], [10] following the general prescription [5], [6], [7J, [8] for constructing 
sigma-model-type actions on supercoset spaces that admit 4-element outer automorphism 
Z4 of the underlying isometry superalgebra. It relies on identifying Cartan forms associated 
with 10 bosonic and 24 fermionic generators of the osp(4\6)/(so(l, 3) x u(3)) supercoset 
as the (10 1 24)— dimensional supervielbein components. Resulting action is invariant under 
the global OSp(4\6) supersymmetry, as well as gauge 5*0(1,3) x £7(3) and k— symmetries, 
describes the requisite number of physical degrees of freedom, has correct bosonic limit and 
is classically integrable. 

In Ref.[2Tj we have considered the OSp(4\6)/ (SO(l, 3) x £7(3)) supercoset element 

parametrized by D = 3 M = 6 super-Poincare coordinates (x m , 9%, # Am ), AdS^ radial direction 
coordinate <p related to the boundary-space dilatations, 3 complex coordinates (z a , z a ) of the 
CP 3 manifold, and 12 fermionic coordinates (rj^ a , fj^) corresponding to D = 3 M = 6 

3 The issue of seeking possible integrable structures for the AcLSa x CP 3 superstring beyond the 
OSp(4:\Q)/ (SO(l, 3) x £7(3)) sigma-model has been recently addressed in Ref.|17). 

Previously such conformal-type parametrizations were used to examine the string/brane models involved 
into the higher-dimensional examples of AdS /C FT correspondence [22], [23], [21], |25j . 
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conformal supersymmetry. Associated current 1-form in the conformal basis reads 
if(d) = <g- l <M = cd m (d)P m + c m (d)K m + A(d)D + G mn {d)M mn 

+ n a \d)v A a + n± a (d)v a 4 + n a \d)v b a + n 4 4 (d)v 4 4 

+ w£(d)Q2 + ^ a (d)Q, a + x, a {d)S» a + %(d)S£ 
or manifesting the Z4— grading 

if (d) = tf (d) + + + ^(d), 

where 
tfo(d) 

^i(d) 
<*f 3 (d) 



(2.2) 



(2.3) 



^(d) - c m (d))(p m - K m ) + c mn (rf)M mn + n a b (d)v b a + n,\d)v 4 4 



\(u m (d) + c m (d))(P m + K m ) + A(d)£> + n a 4 (d)v A a + n 4 °(<W, 
i(££(d) - z^(d))(Q2 - ^u) + \{^{d) + ir a {d))(Q, a + iS^). 



(2.4) 



Then the Z 4 — invariant OSp(4\6)/(SO(l, 3) x £7(3)) superstring action in the conformal 
basis for Cartan forms (12. 2p acquires the form 



S 
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with the Wess-Zumimo action given by 



SW = -fr* J d^ + i&^f + ixf) + ~ HOLM*? ~ 
= -\e* j d^ (afojSf + Xi^e^u) ■ 



+ Swz 
(2.5) 

(2.6) 



The first two summands in the kinetic part of the action f |2. 5j) include Cartan forms associated 
with the generators P m of the space-time translations on the D = 3 Minkowski boundary of 
AdSi space 



u m (d) = e- 2lfi u m (d), u m (d) = dx m - id9»o™9 va + i9»(T™d9 u \ 



conformal boost generators K m 
c m (d) = e 2 *c m {d), c m (d) 



-idri^a^ffi + irj^a^dfjZ 



VV = V b p Vbi 



(2.7) 



(21 



+ 2{m) WaO m » v {d9l + \C(d)) - (d9 lia + \CM)^Vi] 
where 

CM = -~a m ^u m (d)r, ua = -u^{d) Vl/a , C a (d) = -a m ^u m (d)fj a v = -f(d)f%, (2.9) 
and dilatations 



A(d) = dcp + i(d9^ + d9 fia Vi 



fia J 



(2.10) 

with the corresponding generator D. Note that the generators (D, P m +K m ) can be identified 
as the so(2, 3)/so(l, 3) coset generator^] and corresponding Cartan forms represent the AdS 
part of the (10|24)— supervielbein bosonic components. 



> (Anti)commutation relations of the D = 3 AT = 6 superconformal algebra can be found in Ref.|21j. 
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Supervielbein components in the directions tangent to the CP 3 manifold are identified 
with the su(4)/u(3) Cartan forms (Q a 4 (d), f24 a (cf)) that are the off-diagonal components of 
the traceless Hermitean matrix of su(4) Cartan forms 

n A B (d) = ^\ n^ = -n a a . (2.11) 

Using the isomorphism SU(4) ~ 50(6) it is possible to accommodate su(4) Cartan forms 
into the 6x6 matrix 

antisymmetric w.r.t the metric 

**-(«o) (2 - 13) 

following the decomposition of the D = 6 vector representation as 3 © 3 of SU (3) [§. For the 
considered choice of the OSp(4\6)/(SO(l,3i) x U(3)) supercoset element su(4) Cartan forms 
are given by the sum of two contributions 

n,\d) = nj(d) + n m b (d) (2.14) 

coming from bosons and fermions. Bosonic contribution 

n h& \d) = iTffdTt 1 (2.15) 

is described by the su(4) Catran form matrix associated with the SU(4)/U(3) coset element 

rph _ ( T a b T a f, \ _ ( ie ac bZ c \ / 1R \ 

U -\ T ab T\ J' 6XP ^ -ie acb z c J ■ [ZAb) 

Explicit expressions for the purely bosonic part of sw(4) Cartan forms can be found in \21\ . 
Fermionic contribution to (I2.14p 

nj(d) = (T^(d)f) & h (2.17) 
is obtained by the T— transformation of the matrix 

tt a 8 (d) = 2{de^l - dd "%" ~ %a^ u (d)vl), (2.18) 
where the Grassmann coordinates have been written as D = 6 vectors in the 3 © 3 basis 

H\ - ( Vna 



n = [ lu ) , (2 - |,:)) 



6 The metric is the conventional unit D — 6 metric S IJ written in the 3 © 3 basis. Both bases are 
connected by the transformation matrices 

M la = l ( -7a4 ! ^ M - lftj = f pL \ . MAJ -1 = j 

where p ! AB and p IAB are D = 6 chiral 7— matrices, such that the components of a D = 6 vector O 1 in these 
bases can be transformed into one another O 1 = M Ia Oa and Og = M _1 a/O z . In particular, for the D = 6 
metric we find that S IJ = -2M m H~?M ji . 

ab 
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and Q^ a = H &h 9^ rf^ = H &b r]^ b . The T-transformed 3©3 vectors will be endowed with hats 

0£ = T a s 0£, ¥ h = H^e? etc. Using that H &t (f T ) & i H & = T & h for the chosen realization of 
the matrix T the fermionic part of su(4) Cartan form matrix can be cast into the form 

nj(d) = 2(de^l - de»% & - f)^(d)f)i). (2.20) 

The WZ term of the action (I2.5P in the 3 © 3 basis can be written in the form 

Swz = -y ij 3j> f d 2 i {oofe^ u fb + icl^x jv ij , (2.21) 
where is the CP 3 Kahler 2-form written in the 3 © 3 basi^l) 




(2.22) 



It contains the world-sheet projections of fermionic 1-forms 

u£(cQ = e~*TM b (d) } u?{d) = dOl + W ( 2 - 23 ) 
related to Poincare supersymmetry generators (Q^Q^a), and 

Xn&(d) = e v T~aXrf,{d), X»&(d) = <%a + 2z^d^^„ - i^rjjtxs^d) (2.24) 
related to conformal supersymmetry generators {S^ a 1 S 1 ^). 



3 D = 3 Af = 6 superconformal symmetry of the 
05p(4|6)/(50(l, 3) x U(3)) superstring: general prop- 
erties and coordinate transformations 

Global OSp(4\6) transformations act on the OSp(4\6) / (SO(l, 3)xU (3)) coset representative 
from which the left-invariant Cartan forms (12. 2j) are constructed in the following wa)j^| 

<g'H = G&, Ge OSp{4\6) (3.1) 

with H being the compensating SO(l,3) x U(3) transformation or passing to infinitesimal 
parameters 

5& = g<g-&h, geosp(<i\6), h £ so(l, 3) © w(3). (3.2) 
Substituting above relation into (12. 2p yields 

tf(6) = y- l 5$ = y^glf - h. (3.3) 

7 In conventional D — 6 vector basis it is given by the expression J IJ = ^{p\ a p JAa — P4 a p Iia )- It takes 
simple diagonal form when contracted with the 6d rotation generators 

t b jUJJ b ( -2i \ 
Ja =J p a ~\ 6z J' 

The matrix Ja b can be shown to satisfy the following equation Ja c Jc B — a ^Ja B + 12<S^ = 0. 

8 Since the supercoset string action is built out of the Cartan forms it is exactly invariant under the 
global symmetry in distinction with the original Green-Schwarz action [31j that is quasi-invariant because 
its WZ term cannot be presented as a 2-form in supercurrents. For detailed discussion on that point and 
the properties of WZ term on AdS backgrounds see, e.g., [32] . 
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Consider the D = 3 M = 6 superconformal algebra valued transformation parameter 
g = a m P m + b m K m + fD + \l mn M mn + y a V a A + y a V 4 a + w a b V b a + w A A V^ 

It includes the parameters of D = 3 Minkowski space-time translations a m , conformal 
boosts b m , dilatations / and Lorentz rotations l mn , as well as anticommuting parameters 
of D = 3 J\f = 6 Poincare supersymmetry (e%,e fia ) and conformal supersymmetry (^ a ,^) 
supplemented by the 5£7(4) R— symmetry parameters (w a b ,y a ,y a )- Then the substitution of 
05p(4|6)/(50(l,3) x U(3)) coset representative (ETJ) into (GL3]) yields 

V(S) = (u m (5) - b m )P m + (c m (5) + b m )K m + A(6)D + (G mn (5) + \l mn )M mn 

+ Q 4 a (5)V a 4 + tt a \5)V, a + (Q a b (5) + w a b )V b a + (fi 4 4 (5) + w A *W (3.5) 
+ W a {8)Ql + ^ a (5)Q»a + X,a(S)S^ + %(S)S£. 

The quantities that cannot be accommodated into the individual Cartan form variations 
like, e.g. u m (5) = isu m (d) represent parameters of the compensating transformations. In 
particular, the vector 

b m = f? p A- x b m {6), A = l-e^(f]ri) 2 , (3.6) 

where 

b m (9) = b m -i [(U0)° m V a ) + (C(e)a m Va )] , ^ a (9) = i, a + b^, (3.7) 
is the parameter of 50(1, 3)/S0(l, 2) transformations, while the antisymmetric tensor 

fmn = pm(0) + if fr> h^mn-a^ + ^4a mn r] a )] (3.8) 

with 

r(9) = r n +2{b m x n -b n x m )¥2i l(6 a a mn i a ) + (9 a a mn Q]-H [(9 a a mn b9 a ) + (9 a a mn b9 a )] (3.9) 

describes compensating 50(1,2) Lorentz rotations. The parameters of compensating U(3) 
rotations 

™» = ^ b + *fc^(*tf-Va*) + ^it^ m - n 2 = ^ ( 3 - 10 ) 

have been presented in the form exhibiting explicit dependence on the entries 



£>a 6 = V(#) - e lLp 2(r ]a br ] b ) - 5 b a {r] c bf\ c ) , ] ( , 

y» = y-(Q) + e^e abc ( Vb b Vc ), £ a = y a {9) - e 2 *E abc (f) b bf) c ), 

where 

w a \6) = w a b - 2(^> 6 + 0^) + ^(^ >c + 0^) - 2(6 a W b ) + 5 b a (9 c b9% 
y *(e) = y - + e abc (2^ + (9 b b9 c )) , y a {9) =y a - e abc (2» c + (9 b b9 c )) , 



of the SU (4) matrix 



, w a b -5 b w c c e acb y c 

W * = ( acb ~ ~a^,a~ C I < 3 - 13 > 

—e aco y c —w b a + <3£"W7 C C 



that, as will be shown below, enters the transformation laws (13 . 181) of the SU(A)/U(3) coset 
element (12.161) under the D = 3 M = 6 superconformal symmetry. 
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D = 3 Af = 6 superconformal transformations of the OSp(4:\6)/(SO(l, 3) x £7(3)) su- 
perspace coordinates that parametrize (12. ip include also the contributions proportional to 
the parameters of the compensating transformations (13.61) . (13.81) and (13.101) . D = 3 N = 6 
Boundary superspace coordinates obey the following transformation rules 



J9 



Sx m = a m + im^n + 2 J x m + & m^2 + (00)2) _ 2 X m b n X n 

- i [(e a a m 9 a ) + (e a a m 9 a )] - i \^ a xa m 9 a ) + (£ a xa m 9 a ) 
+ e 2v {b m + i (r] a ba m 9 a ) + (fj a ba m 9 a ) }, 

M£ = e£ + 1'™^^/ + /0£ + - - ie ahc y h 9^ + £^0* 



(3.14) 



(3.15) 



and c.c., where x^ v = x^ u — ie fJ,u (99), while that for the coordinate ip related to the AdS^ 
space bulk direction reads 

5<P = f(0) = f - b m x m + i(^ a + g^). (3.16) 

Transformation properties of the CP 3 complex coordinates 

5z a = iz b w b a + iw b b z a + k^2lto + l ( 1 JfL-r-r) (yz)z a 

u • u sin|z f ^\ z \ \ cos |z| sin |«| y ^ a / (g ^-7*) 

+ 2^l l + \ Z \( tan \ Z \ ~ C0t \ Z \)]( Z V)z a 

can be summarized in the form of S77(4)/£7(3) coset representative (I2.16P transformations 
5T & b = %{T h c wt - Wa% b ), Sf a b = -t(Wa% b - T^W}), (3.18) 
where the £77(4) matrix has been introduced in (13.131) and 

Wa - 5 b W c C 

^ 6 =| „ a _ , I (3-19) 



-w b a + 8iw, 



c 

b w c 



represents U(3) compensating rotation matrix. Finally Grassmann coordinates associated 
with the conformal supersymmetry generators transform as follows 

%a = ^a(9) - \l mn (9)a mn ^ Vva - f(9) Vtia + tw b b (9) Vfia - iw a b (9) Vllb - te abc y b (9)^ 

+ 2ie^{m)e^b Xu r]ua 

= -\l mn a mnil v ri va - fr]^ + iw^r)^ - iw a b i]^ b - ie abc y b f]^ + b^9% - ri va x vX b Xil 

+ 2% [(9 a b9 b )^ + (9 a W b ) Vlxb ] + ^ a - 2i{^9l + U® ub )Vva 

- 2i(vS + vi.UK + ^UiObVl + u \b) + 2ie 2 v(f) V )eJ x "r ]va 

(3.20) 

and c.c. 

Cartan forms associated with the osp(4|6)/(so(l, 3) x w(3)) supercoset generators are 
left-invariant under the above derived global transformations up to the compensating ones 
associated with the stability group generators. Corresponding Cartan forms in their turn 



9 Observe vanishing of the terms proportional to 50(1, 3)/SO(l, 2) rotation parameters b in the boundary 
limit ip — > — oo. 
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transform in a connection-type way. In particular, bosonic 1-forms that are identified with 
the AdS& part of the supervielbein in general transform as 

5u m {d) + 5c m (d) = r n (co n (d) + c n {d)) + 46 m A(d), 5A(d) = -b m {Cj m {d) + c m (d)), (3.21) 

while, e.g. so(l,2) Cartan forms in the spinor realization G^ v (d) = e flX cr mn \ u G mn (d) obey 
the following rule 

8G" u (d) = i(G^ A (ci)^+G^ A (d)f A ^) + &^^ (3.22) 
su(4) Cartan forms are OSp(4\Q) left-invariant up to the U(3) gauge transformation 

6Q & \d) = i{{l & 6 (d)wj> - Wa d Vc\d)) - dWa\ (3.23) 

from where we infer that the su{A)/u{2>) 1-forms identified with the CP 3 part of the super- 
vielbein transform as 

5Q a 4 {d) = i (w b b Q a \d) - w a b Q b 4 {d)) , 5Q 4 a {d) = -i (w b b Q 4 a {d) - ft 4 V)u> 6 a ) (3.24) 

and u(3) 1-forms exhibit connection-type transformation properties 

5Q a b (d) = t(Q a c (d)w c b - w a c Q c b (d)) - dw b . (3.25) 

Cartan forms that are identified with the supervielbein fermionic components transform in 
the following way 

5ul{d) = ±u£(d)i x v + b» x xxa(d) - iw}(b\{d) (3.26) 

and 

6xua(d) = -\l X Xxa{d) + S„ A w£(d) - iWfoM- ( 3 - 27 ) 

For individual transformations from the D = 3 M = 6 superconformal symmetry to be 
discussed below these expressions simplify by properly restricting the parameters of com- 
pensating transformations that will be indicated by the vertical line. 



4 D = 3 Af = 6 superconformal symmetry of the 
OSp(4\6)/(SO(l,3) x £7(3)) superstring: Noether cur- 
rents 

Noether current densities corresponding to the D = 3 M = 6 superconformal invariance of 
the superstring action (I2.5P can be formally presented as the sum 

Jv{t,o) = Jaclsy, + Jcpe + Jwzhi 
where E is a transformation parameteJ^l. of contributions of the AdS$ 

JA d sh = -V=99 ij + A0& m (fc) + c m (5 s )) + A^A(fe)) (4.2) 
and CP 3 parts of the kinetic term 

Jcph = ~\^99 l] (n ja 4 |0 4 fl (fe) + n 3i a ^n a A (5x)) , (4.3) 
as well as that of the Wess-Zumino term 

Jwzh = |^a S (ufe^ul^) + ^mUW) ■ ( 4 - 4 ) 

Below we specialize to discussion of the individual transformations from the D = 3 M = 6 
superconformal symmetry and present corresponding expressions for the Noether currents. 
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We assume the right derivative for fermions. 
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4.1 Noether currents associated with D = 3 conformal symmetry 
4.1.1 Space-time translations 

osp(4\6) Cartan forms are obviously invariant under the global translations of D = 3 
Minkowski boundary coordinates. Their contributions to the current density are hence 
related to the coordinate dependence of transformation parameter. In particular, Eq. ( 13.211) 
representing variation of the Cartan forms identified with the AdS part of the supervielbein, 
when restricted to the boundary space-time translations acquires the form 

6 a u m (d) + 5 a c m (d) = j m n da n , 5 a A(d) = 0, (4.5) 

where the current contribution tensor equals 

f ^ gglj^ = ^ g (46) 

su(4) Cartan forms are also invariant under 3d translations 

6 a n & \d) = Ja b mda m (4.7) 
modulo the current contribution matrix 

rf m = = ( J :™ 3ahm a i = -2(fcon. (4.8) 

° a \ — J m ~3b 77 

As a result variation of the CP 3 components of the supervielbein acquires the form 

S a n a \d) = -% m da m , 5 a n, a (d) = -Tmda m , (4.9) 

where we have adopted the following definition of the SU (3) vector dual to a rank 2 tensor 
that can also carry other indices S 

(Yf = \e ahc 3^, (%f = \e abcJ b ^ (4.10) 

or simply *j aE and *j a s if S does not contain SU (3) indices. Variation of the fermionic super- 
vielbein components associated with the Poincare supersymmetry under localized boundary 
space-time translations reads 

Sa^(d)=jLda m (4.11) 

with the current contribution 

Jam Q a m e °m 'lua- K^- 1 ^) 

Then for the variation of remaining fermionic supervielbein components associated with the 
conformal supersymmetry we obtain 

S a xM d ) = J»a m da m , (4.13) 

where 

Um = = -ie 2 nm)e, v f &m (4.14) 

is the current contribution. 
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The current density related to the superstring action ( I2.5P invariance under D = 3 
Minkowski space-time translations has the form 



J 

The AdS part of the current density 



JAdsl 



4 



-gg l3 (u jn + c jn )j n r 



(4.15) 



(4.16) 



is determined by the current contribution (14. 6p . the CP part 

JcP m = ~V=0</"' (fya 4 Tm + ^ %m) 



(4.17) 



is contributed by Eq. (l4.9p . and the current contributions (I4.12p . ( I4.14p determine the WZ 
part of the current density 



(4.18) 



4.1.2 Conformal boosts 

Transformation properties of the Cartan forms that enter the AdS part of the 
OSp(4:\6)/ (SO (1,3) x U(3)) superstring action (I2.5P under local conformal boosts follow 
from the expressions (13.211) appropriately restricted 



6 b tu m (d) + 5 b c m (d) = j mn db n + (l\ b ) mn (u n (d) + c n (d)) + A(b\ b ) m A(d), 
5 b A(d) = j m db m - (b\ b ) m (u m (d) + c m (d)) 



(4.19) 



modulo the current contributions 



J 



ran _ d{u m (S b )+c m (S b )) 
db n 



e- 2lp A{ (x 2 + (96) 2 )rj mn -2x m x n + ? 



? a a m xa n 9 a ) + (9 a a m xa n 6 a ) 



(rj a xa n a m fj a ) + (fj a xa n a m r] a ) + (r} a a m A-a n 6 a ) + (fj a a m A_a n 6 a ) 
+ 2e 2 ^(f]r]) (rj a a m xa n e a ) + (f] a a m xa n 6 a ) 



(4.20) 

where we have introduced the following 3d spin-tensors A± u u = 5^ ± 2i(^6 1 ^' + i] aa Q va ) that 
will appear to be useful below, and 



dA(5 b 
db m 



-x m -i 



(Vaxa m 9 a ) + (f] a xa m 9 a ) 



(4.21) 



Variation of the su(4) Cartan forms is obtained by specializing to the conformal boost 
parameter dependence in Eq. fl3.23p 



5 b n il b (d) = Ja bm db m + 1 (n & c (d)(w\ b ) e b - (w\ b ) & b n b c (d) ) - d(w\ b ), b . 

The current contribution matrix 



(4.22) 



Ja 



bin 



/ A bra "a ra 

O t , s I Ja Jab 

O0 m V _jabm _j f am 



(4.23) 
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is obtained by T— transforming the matrix 



J a bm = 1 i-((W\b)a i + ^aHS b )) = -2 (9 & <7 m 8 b ) + (x 2 + 



2x m (r]axr] b ) - (r]aXa m Z b ) + (jfxo m Z h 



(4.24) 



where Z£ = 9? — i(8d)i]£. The final form of the current contribution matrix ( 14.23)) is 



J> 



bin 



{TJ m T) t 



{8 & a m 8 b ) + {x 2 + {00) 2 ){f) h a m f)^ 



- 2x m {f]axff) - {fjaXa m Z b ) + (f) b xa m Za 



(4.25) 



Thus variation of the supervielbein components tangent to the CP 3 manifold is brought to 
the form 

5 b n a 4 (d) = -j a m db m + t(w\ b ) b b n a 4 (d) - i(w\ b ) a b £l b \d) (4.26) 

and c.c. The expressions for the variation of fermionic 1-forms follow from (13.261) and (I3.27p . 
Namely, for Cartan forms related to Poincare supersymmetry one derives that 
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h^(d) = jrdbm + -^l{d){l\bV + (b\ b Y lP Xva(d) ~ i(W\ b ), b co^d), (4.27) 
where the current contribution reads 



3& 



[an 



d^(5 b 
db m 



^oZ\Z x a -{x 2 + (^) 2 )a m ^^ a + 2x m ^^ a +2(^)^ pa ^V™ 



Correspondingly for Cartan forms related to conformal supersymmetry we find 
S b xM = J,a m db m - \(l\ b )^ X v&(d) + (b\ h )^l{d) - i{W\ h )h4d) 



with the current contribution 



j m 



db r . 



( A_/<a 8 x h - r^V p A-/ - ie*{m)e^3l 7 



(4.28) 
(4.29) 

(4.30) 



The substitution of Eqs. fl4.19p . (I4.26p . (I4.27P and ( I4.29p into the superstring action vari- 
ation under D = 3 conformal boosts yields the current density 



Jim/ \ rr im , rr im I rr i 

{T,cr)=JAdS + JCP + JWZ 



where 



JAdS 1 



T im 1 I ~Z„ij Id 4 *-am _i_ Q a *■ m 

JCP — 99 I "jo 3 +"j4 3a 



2 V Hi) \ UD ja J 1 u 'j4 

T im i c ij~t b //".A"*,- -urn _j_ ~a c uu j „m \ 

JWZ - j£ J Ja [Uj E^J- + Xja e J vb j ■ 



(4.31) 



(4.32) 



4.1.3 Dilatations 

osp(A\6) j (so(l, 3) x«(3)) Cartan forms identified with the ( 10 1 24)— supervielbein components 
are invariant under the global scale transformations due to the presence of appropriate 
exponents of the AdS^ bulk coordinate (p. Hence their variation under coordinate-dependent 
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scale transformations is determined by the current contributions. In particular, for the 
components of supervielbein tangent to the AdS± space we obtain that 

S f u m (d) + 5 f c m (d) = j m df, 5 f A(d) = jdf, (4.33) 

where 



j m = a (* m (*/H gT "(*/)) = 2e~ 2 *Ax m + 2e 2 ^(r/r/) [{r] a a m e a ) + [f] a a m Q a 



df 

dA(8 f ) 



(4.34) 



su(4) Cartan forms are also scale-invariant 

5 f nJ> = J h b df (4.35) 
modulo the current contribution matrix 

ji = = ( 3 :i 3 :\ ) = 2 (e»d - , (4.3 6 ) 



-3 -3b 



where = 6? — Tj u ~ b x v ^ . So that the variation of CP 3 part of the supervielbein is governed 
by the appropriate components of the matrix (14.361) 

S f n a \d) = -%df, 5 f n A a (d) = -Ydf. (4.37) 

Fermionic supervielbein components related to Poincare supersymmetry obey the transfor- 
mation rules 

5 f ^(d)=f,df (4.38) 

with the current contribution 

3t = = e-*(e2 - 2*^ a ), (4.39) 
while those related to conformal supersymmetry transform as 

SfiM = J^df, (4.40) 
where the corresponding current contribution is given by 

J,a = 9 -^0^ = -e" (A.;^ + ^{m)e, v j v & ) . (4.41) 

Above presented current contributions determine the Noether current density related to 
the scale invariance of superstring action (12.51) 

J l (r, a) = J AdS l + J C p + Jwz- (4.42) 

Specifically the AdS part of the current density 

JaJ = ~V=gg lj ( \(& jm + c 3m ) 3 m + A 3 j) (4.43) 
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is contributed by Eq. (Q3j) . the CP 3 part 



Jcp = \^99 13 (V T + %) (4.44) 
is determined by the current contributions that enter ( 14. 3 7ft . and the WZ part 

Jwz* = ~/^a b + X%e»"J^ (4.45) 
receives contributions from (I4.39P and ( I4.4ip . 
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4.1.4 Lorentz rotations 

Under local 5*0(1, 2) Lorentz rotations with parameters l mn Cartan forms identified with the 
supervielbein components tangent to the AdS^ space exhibit the following transformation 
properties 

<f,w m (d) + <f,c»»(d) = j m kn dl kn + l mn (u n (d) + c n (d)), 

5,A(d) =j mn dl mn l4 - 4Dj 

with the current contributions 

J m kn = d{Cim{ ^tr m = \e^A (8fx n - 5™x k + i{00)e™ kn ) 

+ ^{m) {5T [(Vaa n 9 a ) + {fj a a n e a )] -{k^n)+ e m kn [i + (fj9) + [Or])] } , 

jmn dl" 1 "^ 4 \_i^ a ^ mn V ) (P @mrJ1a)\ • 

(4.47) 

The su(A) Cartan forms are obviously D = 3 Lorentz invariant 

5 t n & \d) = Ja b m ndl mn (4.48) 
modulo the current contribution matrix 

i a „ t , ( 3a ran jabmn \ -, \ , * ?. « ; .1 

Ja'mn = gjL^^) = _ . q \=\ {Q a (T mn f, b ) ~ (6V mn r) a )J . (4.49) 

y J rrm Jb ran J 

Hence variation of the supervielbein components tangent to the CP 3 manifold is extracted 
from gagD 

5^ a \d) = -% mn dl mn , <W(d) = -Y mn dl mn . (4.50) 

Variation of the supervielbein fermionic components that are identified with the Cartan 
forms related to Poincare supersymmetry follows from the general expression (13.261) 

m{d) = 3LJl mn + ^MIA (4.51) 



where the current contribution reads 



Jaran 



\e~* (e^a mn / - & X a mnX »fi„a) ■ (4.52) 



Transformation properties of the Cartan forms related to conformal supersymmetry identified 
with another half supervielbein fermionic components follow from Eq. (I3.27j) 

SdM = Jwmndl™ - \l» u Xva{d) (4.53) 



with the current contribution 

J,amn = = ~# ( \ A-„ ^mnu^Xa + «!*(w)W&mO . (4.54) 



Then one is able to derive the current density related to global SO(l, 2) symmetry of the 
superstring action (12. 5p 

<J l mn( T , & ) = JAdSmn + JcP % mn + JwZ % mn- (4.55) 
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The form of the AdS part of the current density 



JAdSmn = -\T I gg 13 \ + Cji)j l mn + Ajj mr A , (4.56) 

is determined by Eq. fl4.47p . that of the CP 3 part 

<7cP ran = ~^\/ 99 3 [f^ja 3 mn 4" jaran) (4-57) 

by Eq. fl4.50p . and the WZ part of the current density 
is contributed by Eqs. fl4.52p and 04.54 p . 

4.2 Noether currents associated with 577(4) R— symmetry 
4.2.1 U(3) Rotations 

Global U(3) rotations represent an obvious symmetry of the AdS 4 part of (10|24)— supervielbein 
thus the nontrivial part of its variation under the coordinate-dependent U(3) rotations 

5 w u m (d) + 5 w c m (d) = j m a b dw b a , 8 W A = Ja b dw b a (4.59) 

is concentrated in the current contributions 

J m a b = ° ( " m( ty m(M) = 2e ~ 2<M K(^ m ^ c ) " (0 a a m 9 b )] + 2e^5 b a {(v*"i) c ) 

- 1(7777) {{O c (T m fj c ) + (ri c a m 9 c )] } - 2e 2 ^ {{r] a d m f] b ) - i(fjrf) [{B a a m f] b ) + (r) a a m 6 b )\ } , 

Ja b = ^ = S b a (9^ + fffi) + Offi + VlMt &*. 

(4.60) 

Transformation properties of the su(4) Cartan forms under U(3) rotations are derived from 
Eq.flX2D 

5 w {l/(d) = j/ a b dw b a + t(Q e \d)(W\ w )/ - (W\ w ) £ "n/(d)) - d(W\ w )/. (4.61) 
The current contribution matrix 

^ ? , Q 5 ( 3 c a jcda \ 

J c d a b = ^—n & d (5 w ) = , „ (4.62) 

dw b a \ _i.cd b _:• c b 

\ J a Jd a / 

is obtained by T— transformation of the matrix 

Jci b = 9^{{W\ W )/ + */(5 w )) = 5 £ % d - 5 £a 5 bd + 4 v , £ (6^ b + Q^ b K 

\Zi + {W)cT]i - {W) V- - 4r^(^ e + 0^ e )^] (4.63) 



+ s b a 

+ 2i 



where the following objects have been introduced 

*') 5- = ( C 
/ ' \ 8. 



e = ( *%) , ha={ I ) , 5 a d = {5 d a 0) , 8 bd = (0 8 b ) . (4.64) 
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So that the explicit form of the current contribution matrix is 

jA b = (Tj a b f)/ = % b ri - % a r db + l -5 b a (rn)c". (4.65) 



The matrix 7a 6 equal 

r b = ( Jf ab J* ) = T a b + 2ir)„ & 9» b (4.66) 



will also be used below. From Eqs.f l4.611l and (14.651) one derives transformation properties 
of the CP 3 part of the bosonic supervielbein 

5 w n c \d) = -fj c ) b dw b a + i(w\ w ) d d n c \d) - i{w\ w ) c d n/{d) (4.67) 

and c.c. expression. 

Fermionic supervielbein components associated with the Poincare supersymmetry trans- 
form under local U(3) rotations as follows 

6J%(d) = 3 £ a b dw b a - i(W\ w ) 6 d uj%(d), (4.68) 

where 

3L b = = [¥ b ATW)t - iBffi + ir b %a] (4.69) 

represents the current contribution. Analogously variation of the fermionic supervielbein 
components related to conformal supersymmetry is given by the expression 

= J^adw b a - i(W\ w ) £ %M (4.70) 

with the current contribution 

W = = [ffiCnvJ* ~ iv,a% b + iffa + i<r(m)wL b ] ■ (4-71) 

In summary the current density associated with the U(3) global invariance of superstring 
action f)2.5p 

J\ (Tj & ) = J Ads' a + JcP % a + Jw Z % a (4.72) 

consists of three summands 

J Ad s l a = -V^gg*' (jfa m + c jm )j mb + AjjJ^ , (4.73) 

J C p l a b = lV=gg lJ (V &)a + tyf (t)a) , (4-74) 

and 

Jwz b = (^% v jl b + xl^J^) (4.75) 

that are determined by the current contributions of the osp(4\6)/(so(l, 3) x w(3)) Cartan 
forms gSUD, (Q7jl . (14391 and <K7T\\ . 
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4.2.2 SU{4)/U(3) transformations 

As in the case of U(3) rotations Cartan forms from the AdS^ sector are invariant under local 
SU(4)/U(3) transformations 

6 y co m (d) + 6 y c m (d) = j m a dy a + ] ma dy a , 5 y A(d) = 3a dy a + fdy a (4.76) 

modulo the current contributions 

j™ a = d^ m (Sy)+c m (s v )) = _ £abc { e -i<?A(B h o m B c ) + e 2 ^ [(fj b a m fj c ) - 2i(f}r))(e b a m f} c )] } , 

ja Qya ^abc^ Vfi 

(4.77) 

and c.c. Transformation properties of the su(4) Cartan forms follow from the general formula 
(I3.23P by specializing to S77(4)/£/(3) rotations 



5 y n b \d) = J i \dy a + Jfdya + i (% d {d){W\ y )i - (W\ y y b d nf(d) ) - d{W\ v )£. (4.78) 
Corresponding current contribution matrices equal 

JL = = ( ^ ) = -e^TiT* (4.79) 

J a 3c a 



and 



Jb Ca -Jbc 



JC = &HK*v) = y _ ]bca _, cba j = e ad *T U T\. (4.80) 

So that one extracts from the above expressions the transformation rules for the supervielbein 
bosonic components tangent to the CP 3 manifold 

s y n b \d) = o b ) a d y a - {*] b ) a dy a + i{w\ y ) c c n b \d) - i(w\ y yn c 4 {d). (4.si) 

Supervielbein fermionic components associated with the Poincare supersymmetry have the 
following properties under SU(4)/U(3) transformations 

5 y u?(d) = 3 ldy a + jfdy a - i(W\ y y b & u?(d) (4.82) 
with the current contributions 

Ji = = ie--e acd T^ (4.83) 

and c.c. Supervielbein fermionic components related to conformal supersymmetry transform 
as 

tyX»i(d) = J, ba dy a + J^dya - i(W\ y ) b % & (d), (4.84) 
where the current contributions can be brought to the form 



J,la = 9 -^ L = ^{e acd T b c ni + ^(m)e^l) (4.85) 

and c.c. 
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Above derived current contributions of the supervielbein components determine the 
Noether current density associated with SU(4)/U(3) global invariance of the superstring 
action 

J\(t, a) = J AdS \ + J C p\ + Jwz\ (4.86) 

and c.c. expression. The summands contributed by Eqs. fl4.77l) . (I4.8ip . (I4.83|) and (I4.85P 
respectively take the form 

J Ads' a = ~V=gg ij (\(tijm + C jm )j m a + AjjA , (4.87) 
JcPa = \^g tJ OV 0% ~ V Ob)a) , (4.88) 
Jwza = (cufe^jL + J u , a ) . (4.89) 



and 



4.3 Noether currents associated with D = 3 J\f = 6 Poincare su- 
per symmetry 

The superstring action (12. 5 p is manifestly invariant under Poincare supersymmetry as D = 
3 M = 6 supercoordinates (x m , 6%, 9^ a ) that are the only non-trivially transforming ones 
enter through the supersymmetric Volkov-Akulov 1-forms [33]. Hence non-invariance of the 
AdS part of the supervielbein bosonic components under coordinate-dependent Poincare 
supersymmetry transformations 

5 £ u m (d) + 5 £ c m (d) = j™de£ - T»ade»\ 5 £ A(d) = fide* - ]» a de» a , (4.90) 

is accounted by the current contributions which explicit form is 

jm a = 9(^(4)+^ (4)) = 2(J m ^-^ua + ^(jjjj) jj"*] , 

•„ _ 8A(8 ) _ . a ( 4 - 91 ) 

and c.c. expressions. The su(4) Cartan forms are also D = 3 M = 6 super-Poincare invariant 

6 E n h £ (d) = jftde* - J h % a de» a (4.92) 
modulo the current contribution matrices 

J i% = afe^Va) = ( 3 il 3 _ h ka ) = 2(%iT £a - 71%) (4.93) 

and 

*U = -ikX^e) = ( KT If r ) = nr b % - %{T\) (4.94) 

\ J iia Jc na J 

so that the CP 3 part of the bosonic supervielbein transforms as 

6A\d) = ft 6 )»cfeS + m^de^, 6 £ n A b (d) = -(*j%de£ - (*j b )» a de» a . (4.95) 

Cartan forms associated with the Poincare supersymmetry are manifestly D = 3 M = 6 
super-Poincare invariant 

5 £ tf(d)=j™deZ+j^ a de^ (4.96) 
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up to the current contributions 

and c.c., as well as Cartan forms associated with the conformal supersymmetry 

8*XM = J uC d£ a + li^ a (4-98) 
with the corresponding current contributions given by 

J »C = 9 -¥r 1 = ieV ( 2 %h€ - &{m)ev*jfi) (4.99) 



and c.c. 

Putting all together contributions (j4.91j) . (|4.95|) . ( I4.97P and (I4.99P allows to determine 
the current density related to D = 3 M = 6 supersymmetry invariance of the superstring 
action (I2.5P 

J%r, a) = J MS % + J CP % + J wz % (4.100) 
and the c.c. one. The individual summands entering the current density (I4.100p equal 

Jms% = -V=gg i3 (\(ujm + o jm )j m l + , (4.ioi) 

JcpI = lv=99 ij ( V OX ~ V (4.102) 

and 

Jwz% = (&?e vX jfi + x) u e v "J x £) . (4.103) 

4.4 Noether currents associated with D = 3 J\f = 6 conformal su- 
persymmetry 

Transformation properties of the supervielbein bosonic components in the directions tangent 
to the AdS± space can be obtained from the general expressions (I3.2ip by appropriately 
restricting the parameters of 50(1,3) compensating rotations 



6^ m (d) + 5^c m (d) = j m » a d^ a - rWll + (l\z) mn (cu n (d) + c n {d)) + 4(%) m A(c/), 
^ A(d) = j» a d^ a - j£d£l - (b\t) m (u m (d) + c m {d)) 



and adding the current contribution terms 

■mtm = 8(^(5^+^(5^)) = ^ ^^^Xa^-ufi + ^y^mXv 



(4.104) 



+ e 2v (f]ri) (f] Xa aZx Ufl -9 a x a mXu A +u ^ , (4.105) 

■fia — 9A(5^) — • / 7\va \ fi _i_ ^a-ufi] 

and c.c. 

Variation of the matrix of sw(4) Cartan forms under the coordinate-dependent conformal 
supersymmetry transformations is presented in the following form 



b£l£{d) = J^ a d^ a - J' b ZdC + i W(d)(W\s)f - (W\tW(d) - d(W\^ b c , (4.106) 



where the current contributions 



J i> '"' = 2&<VW = ( 1 ( U07) 



and 



■hZ = -+mk) = _f Z ) (4-108) 

\ J a J c c 

are obtained by the T— transformation of the matrices 



(4.109) 



So that the current contribution matrices (I4.107P and (I4.108[) acquire the form 

j^a = (JJ^afyc = 2 (TfQI* - Q^T™) (4.110) 

and 

j b Z = {tj»t)c = 2(9*7*. - r ia en. (4.111) 

Then the variation under conformal supersymmetry of the CP 3 components of the super- 
vielbein is brought to the form 

5^ b \d) = (%r a d^ a + CnYJii + i{w\dc c n b \d) - i(w\z) b c n c \d) (4.112) 

and c.c. expression. 

The variation of Cartan forms associated with the super-Poincare generators can be 
extracted from the general expression (13.261) 

S&ftd) = jr d ^a+J^ + ~tf(d)(l\t) x » + {b\tY x xM - i(W\^(d) (4.113) 

with the current contributions given by 

= = e -v(T b a Z">* + 2ie va Q? b ) (4.114) 

and c.c. Similarly the variation of Cartan forms associated with the conformal supersym- 
metry generators reads 

hxM = + J X - \(ikh x x Xb (d) + (hkUu x b (d) - i(wk) b % 6 (d) (4.ii5) 

with the corresponding current contributions 

J v Y a = = e^{A^7l a + 2i*£9£ - ie^ifj^xj^) (4.116) 

and c.c. 

As a result current density associated with the superstring action f |2.5j) invariance under 
conformal supersymmetry takes the form 

J^[r y a) = J AdS ^ a + J CP ^ a + Jwz^ (4.117) 
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and c.c. one. Current contributions (I4.105P enter the AdS part of the current density 

J AdS liia = -V=gg tj (\(u jm + c 3m )3 mt " a + A 3 r^j , (4.118) 

those entering Eq. (14. 112|) determine the CP 3 part of the superconformal current density 

j C p itia = \v^ g tj (n jb 4 (tr a - v (%r a )- (4.H9) 

The form of the WZ term contribution is obtained by substituting Eqs. (14.1141) and (14.1161) 

Jwz^ a = % -e^{^fe vX 3Y a + x)^ x J x r)- (4.120) 

5 Conclusion 

The OSp(4\6) / (SO(l, 3) x U(3)) supercoset sigma-model [5], [TU] describes manifestly classi- 
cally integrable part of the AdS^ x CP 3 superstring action [12J. By virtue of the isomorphism 
between the osp(4\6) superalgebra and D = 3 M = 6 superconformal algebra it can be pre- 
sented in the conformal basis for osp(4\6)/(so(l, 3) x u(3)) Cartan forms [21] that are iden- 
tified with the 'reduced' ( 10 1 24)— dimensional D = 10 M = 2A superspace vielbein obtained 
from the full one [12] by setting to zero 8 fermionic coordinates related to space-time super- 
symmetries broken by the AdS^ x CP 3 superbackground. The OSp(4\6)/(SO(l, 3) x £7(3)) 
supercoset sigma-model action is by construction invariant under the global OSp(A\6) su- 
pergroup transformations and hence is also invariant under D = 3 M = 6 superconformal 
symmetry that is the global symmetry of ABJM gauge theory [31]. In this paper we have 
derived explicit expressions for the corresponding world-sheet current densities associated 
with each type of the transformations from D = 3 Af = 6 superconformal symmetry. Con- 
sidering the OSp(4\6)/ (SO(l, 3) x U(3)) supercoset element parametrized by D = 3 Af = 6 
super-Poincare coordinates supplemented by the CP 3 coordinates, AdS^ space bulk coordi- 
nate and Grassmann coordinates related to the conformal supersymmetry we have found 
their full transformations under D = 3 M = 6 superconformal symmetry. So that pass- 
ing to the canonical formulation it should be possible to calculate the algebra of associated 
supercharges. 

Among the potential applications of the obtained results one could mention the semiclas- 
sical quantization around solutions to the OSp(A\Q)/ (SO(l, 3) x U(3)) superstring equations 
of motion [35] . They are also the starting point to examine residual symmetry algebras sur- 
viving upon fixing the gauge symmetries of OSp(A\Q)/ (SO(l, 3) x U(3)) sigma-model action 
(see, e.g. [31)]). 
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